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Abstract 

Exponential convergence rates in the L^-tail norm and entropy are characterized 
for the second quantization semigroups by using the corresponding base Dirichlet 
form. This supplements the well known result on the L^-exponential convergence 
rate of second quantization semigroups. As applications, birth-death type processes 
on Poisson spaces and the path space of Levy processes are investigated. 
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1 Introduction 

Let -E be a Polish space with Borel a- field ^ . Let /i be a non-trivial cr-finite measure on 
(E,^). Let {S'q, be a symmetric Dirichlet form on L'^{fi). Consider the configu- 

ration space 

r := I7 = ^^^x, (at most countable) : Xj G E^, 
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where 5x is the Dirac measure at x and is regarded as the zero measure on E'. Let 
be the cr-field induced by {7 H- 7(A) : A G ^}. The Poisson measure with intensity 
/i, denoted by vr^, is the unique probabihty measure on (F, ^r) such that for any disjoint 
sets Ai, ■ ■ ■ ,AnE^ with fi{Ai) < 00, 1 < i < n, 

7r^({7 G r : 7(A,) = fc„ 1 < ^ < n}) = J] e'^^^^)^^^^, A;, G Z+, 1 < ^ < n. 

1=1 *■ 

This measure has the Laplace transform 

(1.1) 7r^(e<-'^>) = exp [/i(e^ - 1)] , / G ^^(/i) n 

where (7, /) := 7(/) = / d7. 

The second quantization of {S'q, ^((^q)) is a symmetric conservative Dirichlet form on 
L^i^fj) given by (see e.g. [131 Lemma 6.3]) 

^(^) := {f G L2(7r^) : D.F{^) := ^(7 + 6.) - F{^) G ^e(4), vr^-a.e. 7, 

4(/^.i^,/^.i^) G^'(vr^)}, 

^(F, G) := ^ ^o(i5.i^(7), I).G(7))vr^(d7), F, G G ^(^), 

where ^e(<^o) is the extended domain of S'q (see [1]). 

Let P° and Pt be the semigroups associated to (4,^(4)) on L^{iJ,) and ((f,^((^')) 
on L^(7r^) respectively. We aim to investigate the convergence rate of Pt to vr^ as t -H- 00 
by using properties of the base Dirichlet form. 

We would like to consider the following three kinds of exponential convergence rates: 

(1) Exponential convergence in the L^-norm: let be the largest constant such 
that 

\\Pt - TrjLH.^)^LHn,) < e~^^*, t > 0, 
where vr^ is regarded as a linear operator from L^(7r^) to M by letting '/r^(F) = 

(2) Exponential convergence in the L^-tail norm: let At be the largest constant 
such that 

llPtllr := lim sup ||1{|p,f|>„}PjP||l2( ) < e"^^*, t > 0. 

(3) Exponential convergence in entropy: let A^; be the largest constant such that 

TT^ ((PiP) log PtP) < 7r^(PlogP)e-^^*, t > 0,P > 0,7r^(P) = 1. 
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The exponential convergence rate in the L^-norm is aheady well described by the 
exponential decay rate of P°, i.e. (see [8]) 

(1.2) Az. = Az.,o:=mf{4(/,/): / G ^(^o), /x(/') = l}- 
It is well known that A^^o is the largest number such that 

WPtfhH,) < ll/IU^Me-'^'"*, t > 0, / e L'ifi) 

holds. See [7] and [13] for a criterion of the weak Poincare inequality for second quanti- 
zation Dirichlet forms. 

Due to the above fact, in this paper we will only consider Ay and A^;. To study these 
two quantities, we first describe them by using the Dirichlet form. 

Since tt^ is a probability measure, by [lOl Theorem 3.3] for = 1 we conclude that At 
is the largest number such that for any Ci > A^^ the defective Poincare inequality 

MF') < Ci^(F,F) + C27r^(|F|)2, F e ^(^) 

holds for some constant C2 > 0. Consequently, 

(1.3) Xt= liminf{#(F,F) + n7r^(|F|)2: F e ^ (c^) , tt ,{F') = l} . 

The quantity Aj- is also related to the essential spectrum a^^Jy^£^) of the generator =Sf 
associated to (<f, ^(<f)). Precisely, we have 

AT>info-ess(-^) 

and the equality holds provided for some t > the operator Pt has an asymptotic density 
w.r.t. vr^ (see [HI Theorem 3.2.2]). 

Next, it is easy to check that Ag is the largest number such that the log-Sobolev 
inequality 

Ent^^(F) := 7r^(FlogF) - 7r^(F) log7r,,(^) 
(1-4) 1 

^ ^ <— ^(F,logF), F G ^(^),infF > 

Ae 

holds. That is (see [HI Theorem 1.1]), 

(1.5) As = inf|^^^^: infF>0,Fe^(^),Ent.,(F)>o|. 

We remark that for F E with inf F > 0, one has logF G ^{S") so that f?(F, logF) 

exists. 



Finally, we would like to mention that the log-Sobolev inequality introduced in [2] 

(1.6) Ent^^(F2) <C^(F,F), F e 

for some constant C > implies that A^; > 4/C (see e.g. [HI Theorem 1.2]). But 
it is easy to see that the second quantization Dirichlet form does not satisfy the log- 
Sobolev inequality (see [9] and the first page of [12] )• Indeed, given nonnegative function 
/ e L°°(/i) n Li(/i) n ^(4), applying dfjl) to ^(7) := e^^-'') and using we obtain 

/ {2fe^f - e^^ + 1) d/i < CSq (e^ - 1, e^ - l) . 
Je 

Replacing / by log(n/ + 1) which is once again in L°°{fi) fl L^{fi) fl ^{S'o), we obtain 

— ^ / {2(n/ + l)2log(n/ + l)-(n/ + l)2 + l}d/i<-^W,/)- 
log n Je log n 

Letting n — > 00 we arrive at /i(/^) < which is impossible if / is non-trivial. 

It is now the place to state our main result of the paper where Xe and \t are described 
by using the base Dirichlet form {S'q, ^{S'q)). 

Theorem 1.1. We have 

(1.7) A^ = inf|--^i^^-^: /G^(4)nL-(/i),/i(f)>0 
and 

(1.8) Az.,0 < At < At,o := lim inf {4(/, /) + ri/i(l/l)' : / G ^(4), M/') = l}- 



To derive the exact value of these two quantities, let us decompose the Dirichlet form 
(S'q into three parts: the diffusion part, the jump part and the killing part. We will see in 
the next result that in many cases A^; is determined merely by the killing term. 

Let ly be a nonnegative measurable function on E, C L^{Wfi) r\L°°{fi) be a linear 
subspace, g > be a symmetric measurable function on E x E, and Ti : £/ x ^ L^ifJ') 
be a nonnegative definite bilinear map such that 

(i) is dense in L'^{{1 + W)iJ.); 

(ii) If / G ^ and : M — M is Lipschitz continuous with 0(0) = 0, then (;/)(/) G £/ ; 

(iii) For any f e^/, Jj^^^ \f{x) - f{y)\^q{x,y)fi{dx)fi{dy) < 00; 
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(iv) ri(/, (t){g)) = 0'((?)ri(/, g) holds for any G C\R) with 0(0) = and any f,ge^. 



Consider the following diffusion-jump type quadric form with potential: 



S,{f,g) ■.= ^i{T,{f,g) + Wfg) 



(1.9) 




J ExE 



Assume that {S'q^s^) is closable such that its closure {S'q, ^{S'q)) is a Dirichlet form on 
L^(/i). When Fi = 0, g = and W = 1, the framework goes back to [12] where the 
Poincare inequality and the log-Sobolev inequality with constant 1 are proved. The 
contribution of our next result is to confirm that these inequalities are sharp under a more 
general framework. 

Corollary 1.2. Let {S'o, &{S'q)) he given in (TOj) such that (i)-(iv) hold. 

(1) // there exists a sequence of nonnegative functions {/n}n>i C ^ such that {fn > 
0} t -E as n t oo, then Xe = ess^ inf W. 

(2) Let Fi = and q = 0, and let fi be finite on bounded sets, //supp/i fl {W < e} is 
uncountable whenever p{W < e) > {it is the case if n does not have atom), then 
Xl = Xt = ess^ inf W. 

To conclude this section, we present below an example to illustrate Corollary 11.2( 1). 

Example 1.1. Let E he a. connected (not necessarily complete) Riemannian manifold 
and V a locally bounded measurable function. Let fx{dx) = e^^^^dx with dx the volume 
measure. Then we take to be the set of all Lipschitz continuous functions on E with 
compact supports. It is trivial that conditions (i) and (ii) hold and C (W fi) H L°° (fi) 
provided W is locally bounded. Define 



Then condition (iv) holds. Finally, let p{x, y) be the Riemannian distance between x and 
y. If q{x, y) satisfies 



for any compact subset K of E, then (iii) is satisfied. Thus, by Corollary 11.2( 1) where 
the required sequence {fn}n>i automatically exists according to the definition of £/, we 
have 



ri(/,^7) = (V/,V^7), f.ges^. 



(1.10) 




Xe = ess^ inf W. 
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In particular, let fi be the Lebesgue measure and E a bounded open domain in M.'^ (it is 
complete under a compatible metric), a typical choice of q{x,y) such that (11.101) holds is 
for a G [0, 2). Moreover, if E = M'^ and fi{dx) = dx, then (ll.lOp holds for this 
q{x,y) with a G (1,2). 

The remainder of the paper is organized as follows. In Section 2 complete proofs of 
Theorem 11.11 and Corollary 11.21 are presented; In Section 3 the exponential convergence 
rates are considered for birth-death type Dirichlet forms on L^(7r^) with a weighted func- 
tion onT X E] and in Section 4 results derived in Section 3 are applied to the path space 
of Levy processes by following the line of [I2] . 



2 Proofs of Theorem 11.11 and Corollary 11.2 



Proof of (Tl\) . We first remark that for any / G ^(^o) n L°°(/i) one has e^ - 1 G ^(^o), 
since the function </)(r) := e^ — 1 is locally Lipschitz continuous and 0(0) = 0. Therefore, 
it suffices to show that for any A > 0, the L} log-Sobolev inequality 

(2.1) Ent^^(F) < ^^(F,logF), F G ^(^), inf F > 

A 

is equivalent to 

(2.2) ^(/e/-e/ + l) < i4(e/-l,/), / g ^(4) n L°°(/i). 

(a) O implies (O). It suffices to prove (O) for F G &{S)nL°°{'K^) with inf F > 0. 
In this case we have := '^^^"^^'-^ — 1 G ^e(c5o) for vr^j-a.e. 7 G F. Since > + 1 > 0, 
it follows that 

^:=log((7^ + l)G^e(4)nL-(^) 
for TT^-a.e. 7 G T. By fl2l2D which holds also for / G ^e(<^o) H /^°°(/i), we have 

(2.3) A / (/y- - e^- + 1) d/i < 4(e^^ - 1, A) = log(^?7 + !))• 

Je 

On the other hand, by the modified log-Sobolev inequality presented in [121 Theorem 1.1] 
(note that $(r) = rlogr therein), it holds that 

(2.4) Ent.^(F) <^7r^(d7)^{Z^.(FlogF)(7)- (l + logF(7))/^.F(7)}/i(dz). 



Since 



D.F{^) = F(7)(e^n^) - 1), log^^^^^^ = A(^), 



it is not hard to verify that 

D,{F log F){-f) - (1 + logF(7))Z},F(7) = ^(7 + 5,) log - D,F{^) 



F(7) 



(D,F(7)) lo; 



F(7 + S,) 
F(7) 



1 +F(7)log 



F(7) 



= F(7){(e^- - - 1) + f,}{z) = F(7)(/y- - e^- + l){z). 
Combining this with (12 .3^ and ( I2.4p . we obtain 

AEnt^ fF) <X [ F(7)7r^(d7) [ (/^^ - e^- + l)d/i 



= ^ D. logF)d7r^ = ^(F, logF). 



(b) (O) imphes ((221). We first consider / e ^(4) nL°°(/i) nLi(/i). Let ^(7) = e^(^). 
By (fTT!) we have F G L'^iiTf,) and 



(2.5) 



Ent.^(F) = TT^iF) [ ifef - e^ + 1) d/.. 
Je 

Moreover, for any e > one has F + e E !^{(S'), inf(F + e) > and 
^(F + £,log(F + £)) 

F(7) 1 4 (e^ - 1, /) + 4 (e^ - 1, log — ^(yf^ 



(2.6) 



Since (/)(s) := lot 



e^(-f)+£e- 
e7(/)+£ 



satisfies 0(0) = and |0'(s)| < 1, we get 



4(e^-l,log 



< y/4(e^-l,e/-l)4(0(/),0(/)) 



<y'4(e^-l,e/-l)4(/,/)<oo. 
Thus, by (12. 6 p and the dominated convergence theorem we arrive at 
hm(^(F + e,log(F + e)) 



(2.7) = /■ ir(^)^Q(e/_i,/)7r^(d7)+ [ ^(7) hm^fe^ - 1, log 



r 

7r^(F)4(e^-l,/). 



e'^(/) + e 



7r/.(d7) 



Therefore, first applying (12.11) to F + e then letting e 10, we obtain fl2.2p from (12 .Sp and 

(ETD. 

In general, for any / G ^{S'o) H L°°{fi), let 




n > 1. 



Then it is easy to see that /„ e ^(4) n n L^{fi) and /„ ^ / in ^(4) n 

Therefore, holds. □ 

Proof of ( (j.<§l) . Since it is well known that 

Al = inf{^(F, F):Fe ^(^), 7r^(F2) - 7r^(F)2 = 1}, 

(II. 2p and (II. 3p imply At > Al,o- So, it remains to prove At < At,o- If < A < At, then 
there exists C > such that 

(2.8) TT^iF^) < F) + C'K^{F)\ F G F > 0. 

For any / G ^(4), letting ^(7) = 7(|/|) we have ^(F,F) = |/|) < and 

(see e.g. [TJ Proof of Lemma 7.2]) 

7r,(F^) = Mf)+ Ml/If, 7r,(F)=MI/l). 
Therefore, it foUwos from (12. 8p that 

Mf ) < f) + {C- i)/i(l/l)', / e ^(4). 

This implies that At,o > A holds for any A < At- Hence, At < At,o- CD 

To prove Corollary II. 2[ we need the following fundamental lemma. We include a 
simple proof for completeness. 

Lemma 2.1. Let v he a measure on E such that v is finite on bounded sets. If there 
exists a constant c > such that ^{f^) < cv{\f\Y holds for all f G L'^{v), then suppz/ is 
at most countable. If moreover ^{E) < 00 then suppi^ is finite. 

Proof. Since u is finite on bounded sets and E is separable, there exists a sequence of 
open sets {G„,}n>i such that U„>iG'„, = E and z/(G„,) < 00 for > 1. Now we fix n > 1. 
Suppose there are m many different points {xi}^^ in suppz/ flG^, where m > 1. For each 
i there exists rj > such that Bi := {x : d{x,Xi) < rj} C (?„ and are disjoint. 
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Since Xi is in the support of u, we have > for each i G {1, ■ ■ ■ ,?ti}. Moreover, 

since 

m / ™ \ 



i=l \i=l 

there exists io E {1, ■ ■ ■ , m} such that 



< i^iB,,) < -uiGn] 
m 



But applying ly^P) < ci^(|/|)^ to / = 1^-^ we obtain iy{Bi^) > 1/c. Therefore, m < 
cv{Gn)- This means that for each fixed n > 1 the set suppz/ fl G„, is finite, so that suppi/ 
is at most countable. The second assertion follows from the same argument by taking 

Gn = E. □ 



Proof of Corollary (1). Since for any r G M one has 

rie" - 1) > re" - e'' + 1, 

it holds that 

A(e^-l,/)> / iy/(e^-l)d/i>(ess^infiy) f /(e^ - 1) d/x 

JE JE 

> (ess^ inf W) I (/e^ - e-^ + 1) d/i. 

J E 

Therefore, it follows from fll.7p that A^; > ess^inf H^. 

On the other hand, let (7 G =2/ be a fixed nonnegative function. For any n > 1, applying 
(ILTD to / := 2 log(n^ + 1) G =2/ C ^(4) H and noting that by (iv) 

T^{{ng + If - l,21og(n(? + 1)) = An^T^ig^g), 

we obtain 

\e [ {{ng + l)Hog [{ng + If] -{ng + If + l}dfi 

JE 

<^o{{ng + lf-l,2log{ng + l)) 

{An^T.ig, g) + W{n^g^ + 2ng) log [{ng + 1)^] } d/i 

{{ng{x) + If - {ng{y) + !)'}( log y) ^l{dx) ^l{dy) . 



E 



+ 
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Multiplying both sides by ^ and letting n — )■ oo, by the dominated convergence 
theorem we arrive at 

(2.9) 2/x(/(Ae - W)) < limsup / Gnix,y)q{x,y)fi{dx)fi{dy), 

n-s-oo J ExE 

where 

{ng{x) + 1)^ - {ng{y) + 1)^ + 1 

< Gn{x, y) := log — 

n"^ logn ngyy) + i 

^ + + 2) log(n[^(x) V g{y)] + 1) ^^^^^ _ ^^^^| 

~ n log n 

< c\g{x) -g{y)\ 

for yU-a.e. x,y & E and some constant c > since (7 G L°°{fi). Thus, by (iii) and the 
dominated convergence theorem it follows that 



n— >oo 



lim / G„(x,y)g(x,?/)/i(dx)/i(dy) 

'ExE 

lim Gn{x,y)q{x,y)fi{dx)fi{dy) 

n— >oo 

(^W^ -^(z/)^)(l{3>o}(a;) - l{g>o}{y))q{x,y)fi{dx)fi{dy). 

I ExE 

Combining this with fl2.9p and using the symmetry of q{x, y) we get 

f^ig'iXE - W)) 

~ ^ X £ ^^^^^^ ~ ^^^^^^ (^^9>o}*^^) ~ ^{g>o}{y))q{x, y)/i(dx)/i(dy) 
= / g{xfqix,y)fi{dx)fi{dy), ges^,g>0. 

J{g>0}x{g=0} 

Next, let En = {/« > 0}. For any n,m > 1, applying (I2.10p to gnm '■= 9 + fn/Tn we 
have 

K9nmi^E - W)) 

< / gnmixfq{x,y)fi{dx)fi{dy) 

J [E„U{g>0})xiEgn{g=0}) 

<(ll^7lloo + ^) / l\9i^)-9iy)\ 

^ m / J{3>o}x(E-n{s=o}) [ 

+ —\fn{x) - fn{y) \ \q{x,y)^i{dx)^i{dy) 
m I 

+ ^||/n||oo / \fn{,x) - fn{y)\q{x,y)ii{dx)ii{dy). 

J {EA{g>0})x{E-f^{g=0}) 
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It follows by letting m — > oo that 

K9^{>^E - W)) < \\g\\oo / \g{x) - g{y)\q{x, y) fi{dx) fx{dy) . 

J{g>0}xE^ 

Finally, letting n — > oo we conclude that fi{g^{XE — W)) < for any nonnegative g G 
Since = |x| is Lipschitz continuous with 0(0) = 0, it holds that fi{g'^{\E — W)) < 
for any g E . Noting that is dense in + then it is trivial to see that 

A^; < ess^inf ly. This completes the proof. □ 



Proof of Corollary \1. Si (2). Let Fi = and g = 0. Then S'o{f,g) = fi{Wfg). In this case, 
we have 

l^iWf^) 

Xl.o = mf — — — = ess^ mf W. 

So, by Theorem 11.11 it suffices to show that At,o < ess^ inf W. If \t,o > ess^^ inf W then 
there exist < r < {ess^ inf iy}~^ and c > such that 

(2.11) /.(f) < r^o(/, /) + c/i(|/|)^ = Tf^iWf') + c/i(|/|)^ / E L\ti) 

holds. Take e E (0, r~^) such that ii{W < e) > 0. Let /x^ = l{v(/<£}/^- Using /l{vy<e} to 
replace /, we obtain from (12.111) that 

/ie(n < Y^/^e(|/|)^ feL\^^,). 

Thus, according to Lemma [2.11 supp/x^ is at most countable. This is contradictive to the 
assumption that suppyU fl {W < e} is uncountable. □ 



3 Birth-death type Dirichlet forms on L?{ti^) 

Let ifjhe a. nonnegative measurable function on F x such that 




Consider the quadric form 

<g^{F,G) := / (F(7 + 5.)-i^(7))(G(7 + 5,)-G(7))V^(7,^)vr^(d7)/i(d;2), 

JTxE 

^(^^) := {F E L^n^) : <g'^'{F,F) < oo}. 

According to Propositions E3] and E3] below, ^{S"'')) is a conservative symmetric 
Dirichlet form on L^(7r^), which is regular provided < oo. Obviously, if -0(7,2;) 

does not depend on 7, then S"^ goes back to the second quantization Dirichlet form for 
4(/,^7) := li{'^fg) with ^(4) = L\{l + ^)ii). 
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Theorem 3.1. Let \l{'iI})^\t{iP) and \e{'4^) be, respectively, the exponential conver- 
gence rates in the L'^-norm, the L'^-tail norm and entropy for the semigroup associated to 
{^^,&{(^^)). 

(1) In general, we have essT^^xfi^^^ < ^lW, < ess^inf-i/^^. Ifip{j,z) is inde- 
pendent of ^, then Xii'ip) = Xe{'4') = essoin! -i/;. 

(2) Let fi do not have atom and be finite on bounded sets. Then ess^r^x/x inf ip < (■?/;) < 
ess^ inf ip^. If moreover ip{'y, z) does not depend on 7, then Xxi'ip) = ess^ inf ?/;. 

Proof. (1) Let <f be the second quantization Dirichlet form for (o'o(/, g) := (ess^^x/^ inf ip) l^{fg)- 
Obviously, we have <f ^' > S. Combining this with Corollary 11.21 and (ll.2p we conclude 
that 

Al(?/;) a Aij(?/') > ess^^x/xinf V'- 

Consequently, it suffices to prove the desired upper bound estimate. 

Taking -^(7) = 7(/) for nonnegative / G L^{^) fl L°°{jj), we see that the defective 
Poincare inequality 

(3.1) 7r^(F2) < C,<g^\F, F) + C^.^Ff 
implies that 

(3.2) /i(f ) < Ci^(V^^/2) + (C2 - l)^iU?. 

Thus, (13. ip for C2 = 1 (i.e. the Poincare inequality) implies that Ci > (ess^ inf ^Z^^)"^. 
That is, Al(?/;) < ess^'mlip^. 

On the other hand, according to (b) in the proof of ( II. 7p . the log-Sobolev inequality 

(3.3) vr^(FlogF) < A^'^(F,logF) + 7r^(F) log7r^(F) 
for -F(7) := e''''--^^ implies that 

/i(/e^ - e/ + 1) < A/i(^^(e^ - 1)/), / G L-(/i) n L\ii). 

Hence, by the proof of Corollary 11.21 for W = ipfi, Pi = and g = 0, we conclude that 
(13. 3 p implies A > (ess^ inf ^/;^)~^. This means that Xe{iP) < ess^ inf 'i/'/i- 

(2) Assume that fi does not have atom and is finite on bounded sets. According to 
Theorem II. H we obtain 

At > Al,o = ess^^x^inf V'. 

Finally, by Lemma [2.1| (13. 2p for any C2 > implies that Ci > (ess^ inf ?/;^)~^. Now we 
conclude that Xriip) < ess^inf ?/;^ and the proof is completed. □ 
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The remainder of this section devotes to characterizing the form {S"^, ^(ff^)). To see 
that it is a Dirichlet form on L^(7r^j), we need the following quasi-invariant property of 
the map 7 t-j- 7 + 5^. 

Lemma 3.2. If A ^ is a ir^-null set, then 

A := {(7, z)&VxE: 7 + 5^ G A} 

is a (vr^ x fi)-null set. 

Proof. We shall make use of the Mecke identity [5] (see also [6]), i.e. 

(3.4) / H{j + 6,,z)n,{dj)fi{dz)= [ H{j, zMdz)n^{dj) 

Jtxe Jtxe 

holds for any measurable function H onT x E such that one of the above integrals exists. 
Applying (13. 4p to H{pf,z) = 1^(7) and noting that n^{A) = 0, we obtain 

(vr^ X j2){A) = / 1a(7 + 4)7r^(d7)/i(d2;) 
Jfxe 

= / lA(7)7(d2)vr^(d7) 
Jfxe 

= [ 7(^)vr/.(d7) = 0. 

J A 

□ 

Proposition 3.3. {S'^ , !^{(S"^)) is a conservative symmetric Dirichlet form on L'^{tt^) 
with ^{(S"^) including the family of cylindrical functions 

K ■= {7 ^/(7(/^i), ■ ■ ■ , lihm)) : m > 1, / G C,i(M'"), 

hi G L\fi) n L~(/i), ||^^U,^o||oo < 00}, 

where || ■ ||oo is the L°°{fi)-norm. 

Proof. According to Lemma IX^ for F,G & !^{(S"^), S''^{F, G) is finite and does not depend 
on TT^-versions of F and G. Thus, [S"^ , ^{S"^)) is a well defined positive bilinear form 
on ^^{ti^). Since is dense in L?{ti^) and the normal contractivity property is trivial 
by the definition of S"^ ., it remains to show &{S'^) D and the closed property of the 
form. We prove these two points separately. 

(a) Let F with 

i^(7) = /(7(/^i),---,7(U), 7er, 
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which is well defined in L^(7r^) since '~f{K) < oo for vr^-a.e. 7 G F and any compact subset 
K of E. We intend to show that ^'^(F, F) < 00. Since / G Co^(M™), /i^ e L\ij,) n 
and there exists n > 1 such that 



7^ 0,?/^^ > n) = 0, i = l,---,m, 



we obtain 



1 ^ 



< IIV/IIL / 5^/^.(.)V(7,^)vr,(d7)/i(d^) 

j=l J {■4>ti<n} 

m m 

< n\\Vf\\lJ2f.{h^) < r.||V/||LEll^^ll-M|/^.l) < 00. 

i=l 1=1 

(b) Let {F„}„,>i be an S'^-Ca.uchj sequence. We shall find F G ^{S"^) such that 
<(F„ - F, Fn - F) := S^{Fn -F,Fn-F) + 7r^(|F, - Fp) ^ as n ^ cx). Since {F„}„,>i 
is a Cauchy sequence in L'^{tt^) (which is complete), there exists F G L'^{'k^) such that 
F„ — > F in L^(7r^). Now we can choose a subsequence {F„j.}fc>i such that F„j. — )■ F 
TT^-a.e. By Lemma [3l2l we have ^^^(7 + ^2) F{^ + for (vr^ x /i)-a.e. (7, z) G F x F. 
Therefore, it follows from the Fatou lemma that 

^g'^iFn-F.Fn-F) 

= I hminf [(F„ - F„J(7 + 4) - {Fn - F„J(7)] ^(7, z)7i ^{d^) ^^{dz) 
< liminf ^'^(F„ - F„,,F„ - F„J. 

Since {F„}„>i is an <o"^-Cauchy sequence and F„ — )■ F in L^(7r^), this implies that 

lim ^i^(F„-F,F„-F) = 0. 

Combining this with the fact that 

^^(F, F) < 2cff^{Fn -F,Fn-F) + 2<f '^(F„, F„), n > 1, 
we conclude that F G ^((f"^) and F„ -> F in ^((f"^) as 00. □ 
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The next result provides a criterion for the regularity of the Dirichlet form, which 
ensures the existence of the associated Markov process according to the Dirichlet form 
theory (see [H H]). To this end, we first reduce F to a locally compact subspace T^. 
Since F is a Polish space such that the set {vr^} of single probability measure is tight, we 
can choose an increasing sequence {Kn}n>i consisting of compact subsets of F such that 
7r^{K!^) < 1/n for any n > 1. Then vr^ has full measure on F^ := Uj^j^A'^, which is a 
locally compact separable metric space. 

Proposition 3.4. If E L^i'n:^ x /i), then {(o^ , ^{S"^)) is a regular Dirichlet form on 

Proof Since ^ G L'^iTTf, x fi), we have <^fe(F^) C ^((^"^), where ^^^(F^) is the set of all 
bounded measurable functions on F^. In particular, Co(F^) C 3i{S"^). Thus, it suffices 
to prove that Co(F^) is dense in ^(^'^) w.r.t. the -norm, i.e. for any F E ^{S"^), one 
may find a sequence {-F„}n>i C Co(F^) such that Sfi^Fn — F, F„ — F) — )■ as — oo. 

Since .^fe(F^) n ^{<g^) is dense in ^{S^) (see e.g. H Proposition 1.4.17]), we may 
assume that F G ^^(F^). Moreover, since Co(F;^) is dense in L^(F^;7r^j), we may find 
a sequence {F„}„>i C Co(F^) such that sup^gj^ ll-^nlU < ||F||oo and 7r^(|F„ - Fp) 
as n — J- oo. Without loss of generality, we assume furthermore that F„ — )■ F vr^-a.e. By 
Lemma[321 F„(7 + <5,) ^ F{^ + 5,) and (F„ - F)2(7 + 5,) < (||F„|U + ||F|U)2 < 4||F||^ 
for (vr^ X /i)-a.e. (7, 2) e F x F. 

Note that (we do not have to distinguish integrals on F^ and F since vr^(Fp = 0) 
^g'^iFn-F.Fn-F) 

< 2 / (F„ - F)2(7 + 5,)^(7, 2)7r^(d7)/i(d^) 

+ 2 [ (F„ - F)2(7)V;(7, z)7r,{d^)fx{dz). 
Jtxe 

Since ip G L^{'k^ x /i), by the dominated convergence theorem we obtain 

lim ^'^(F„-F,F„-F) =0. 

n— >oo 

Combining this with 7r^(|F„, — Fp) — )■ 0, we conclude that 

lim ^/'(F„-F,F„-F) = 0, 

which completes the proof. □ 

Finally, we consider the generator (^^', ^(.if'^)) of the Dirichlet form &{S"I')). 
For a measurable function F on F, let 

^!'F{l)= [ (F(7 + 4)-F(7))V'(7,^)Md^), 
Je 

jSf/F(7)= / l{,>5^.}(F(7-5,)-F(7))^(7-5„^)7(d;2), 7eF 
Je 
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FxE 



provided the integrals above exist. 

Proposition 3.5. Suppose F G ^i^^) such that ^^F,^fF e L'^in^). Then F E 
^{J/f^) and ^^F = -5f/F + F . In particular, if jj, is locally finite and 

(3.5) ^^(7,-)S(d7)eLL(/i), 
then 

^(^^) D {7 ^ /(7(/^i), ■ ■ ■ Mhm)) : m > 1, / e Cl{W^), h, E Co(i?)}. 

Proof. (1) For any F E ^{^^) such that ^^F,^fF E L^ir^), by the Mecke identity 
(EH) for 

H{j, z) = F(7)l{,>54 (F(7 - 5.) - F(7))^(7 - 5., z), 

we obtain 

_ F(7) (F(7 + 5.) - F(7))V^(7, ^)7r^(d7)/i(d^) 

+ / F(7 + 5.)(F(7)-F(7 + 5.))^(7,^)vr^(d7)Md;^) 

F(7) (F(7 + 5,) - F(7))V;(7, ^)vr^(d7)/x(d^) 

+ /" F(7)1|^>5^}(F(7 - 5,) - F(7))^/;(7 - 5„ 7)7(d^)7r^(d7) 
JrxE 

F{^){^,^'F + ^^F){^)rr,{d^). 

Hence, the first assertion follows. 
(2) Let 

i^(7) = /(7(/^i),--- ,7(M), 7er, 

where / E C^(M"'), hi E Cq{E) and m> 1. By the Schwartz inequality we have 
(F(7 + 5.) - F(7)) V(7, ^) V^(d7)/i(dz) 

f{l{hi) + hi{z), ■ ■ ■ ,7(/i„) + hm{z)) 

rx{U™isupphO L 

-/(7(^i),-- - ,7(^m))J ^(7,2)^vr^(d7)/i(d2;) 
16 



r 



m „ 

<I|V/||LE / /..(^)V(7,^)S(d7)Md^) 

<l|v/||Lff:i|/^.llL) / 



rx(u™isupp/i,) 

^(7,2;)V^(d7)/i(d2;) 



supphi) 
< CXD, 

where the last step is due to fl3.5p . Then S£^F e L'^ij^^ since 

< / (F(7 + 5.) -i^(7))V(7,^)'vr,(d7)Md^) < oo. 

JVy.E 

On the other hand, using the Mecke identity (13 ■4p for 

i7(7, z) = 1{,>54 (^(7 - 5.) - F(7)) V(7 - S., zf, 

we arrive at 

< / l{,>54(i^(7-^.) -i^(7))'^(7-^.,^)'7(d^)vr,(d7) 
JrxE 

(F(7 + 5,) -F(7))V(7,^)'vr^(d7)Md^) < oo. 



Consequently, F G L^(7r^) and the proof is now completed according to the first 
assertion. □ 



4 The path space of Levy processes 

Let X = {Xt : t > 0} be the Levy process on Mf^ starting from with a constant drift 
6 G M'^ and the Levy measure u, which satisfies ^^({0}) = and 

/ (|2|2 A 1) z/(d^) < cx). 

So, Xt is generated by 

■^f = {b, V/) + / {f{z + -)-f- (V/, z)l||,|<i|}i/(dz), 

which is well defined for / G C'KM'^). 

Let A be the distribution of X, which is a probability measure on the path space 
W := {w : [0, oo) — !■ R'^ | w is right continuous having left limits}. 

17 



It is well known that is a Polish space under the Skorokhod metric 

dist(v, w) := inf |(5 > : there exist n > 1, = sq < Si < ■ ■ ■ < Sn, and = to < 

< ■ ■ ■ < tn such that |ti — Sj| < 6 and 

sup 1 A It's — Wt\ < S hold for all 1 < i < n>. 

Let G L^(A X uxdt) be a nonnegative measurable function onW x [W^\{0}) x [0, oo) 
such that 

i^uxdiix^t) := / ijj{w, x,t)A{dw) < oo, (z/ X dt)-a.e. (x,t) G (M"' \ {0}) X [0, oo). 
Jw 

Consider 

^^'{F, G) := [ {F{w + a;l[i,oo]) - F{w)) {G{w + x^,^]) - G{w)) 

JwxR'^x[0,oo) 

X ip{w,x,t) A{dw)h'{dx)dt 

for 

F, G G ^(i^) := {F G L^iA) : i^{F,F) < oo}. 

To apply the known Poincare inequality on Poisson space, we follow the line of [I2] by 
constructing the Levy process using Poisson point processes. Let E = (M'^\{0}) x [0, oo), 
which is a Polish space by taking the following complete metric on M.'^ \ {0}: 

p{x,y) := sup ||/(a:) - f{y)\ : |V/(^)| < A V 1, 



z eR''\{0}J (M''\{0}) |. 



Next, let fi = u X dt, which is finite on bounded subsets of E and does not have atom. 
Let vr^ be the Poisson measure with intensity which is a probability measure on the 
configuration space 

r := : X, G M'^ \ {0},^^ G [0, oo), 1 < z < n, n G Z+ U {oo} | . 

Then on the probability space (F, t^^i)-, the Levy process Xt can be formulated as (see 
i) 



Xt{-i) = ht+ z-f{dz,ds)+ ^(7-/i)(d2,ds), t > 0, 

'{|2|>l}x[0,t] J{\z\<l}x[0,t] 
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where the second term in the right hand side above is the Stieltjes integral, and the last 
term is the Ito integral. Therefore, 

(4.1) A = 7r^oX-\ 

Combining this with the Mecke identity (13. 4p . we obtain 




= / h{w + xl[t^T], x,'t)A{dw)u{dx)dt 

iiyx(Rd\{0})x[0,oo) 

for any non-negative measurable function honW [0, oo). Due to (14. ip and (14. 2p . ar- 

guments used in Section 3 also work for [i^, ^{c^^)),A and i> in place of (^f ^, ^{(^^)), tt^ 
and Ip respectively. In particular, letting Xl{iP), Xri^P) -^e(V') be, respectively, the 
exponential convergence rates in the L^-norm, the L^-tail norm and entropy for the semi- 
group associated to (S"^, &{S'^)), we obtain the following result. 

Theorem 4.1. We have 



essAx/xinf < XlW, XtW, XeW < ess^inf ^p^,, 
and the equalities hold provided ip{w,x,t) does not depend on w. 
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